In this article we define a new class of Pythagorean-Hodograph curves built-upon a sixdimensional mixed algebraic-trigonometric space, we show their fundamental properties and compare them with their well-known quintic polynomial counterpart. A complex representation for these curves is introduced and constructive approaches are provided to solve different application problems, such as interpolating C 1 Hermite data and constructing spirals as G 2 transition elements between a line segment and a circle, as well as between a pair of external circles.
Introduction and motivations
The purpose of this article is to investigate the existence of planar, trigonometric Pythagorean Hodograph curves defined over a mixed algebraic-trigonometric space possessing a normalized B-basis. These curves are shown to be the analogue of the polynomial Pythagorean-Hodograph (PH) quintics in the considered non-polynomial space -due to the fact that they enjoy an analogous property on the hodograph -and are thus called Algebraic-Trigonometric Pythagorean-Hodograph (ATPH) curves. Their planar polynomial counterpart was originally introduced by Farouki and Sakkalis in [3] . These curves, commonly called PH curves since the Euclidean norm of their hodograph is also a polynomial, have the useful properties of admitting a closed-form polynomial representation of their arc-length as well as exact rational parameterizations of their offset curves. Since their introduction they have widely been investigated mainly for solving practical problems from applications that particularly benefit from the PH curves' particular properties. Rational and spatial counterparts of polynomial PH curves have as well been proposed, but we are not aware of any attempts of defining Pythagorean Hodograph curves over a mixed algebraic-trigonometric space. This observation motivated us to expand the boundary of the PH curve theory into the realm of non-polynomial curves, in order to show that the benefits of polynomial PH curves over generic polynomial curves can be extended also to curves defined over more complicated function spaces. The function spaces we consider are the Algebraic-Trigonometric (AT) spaces deeply investigated in [2, [14] [15] [16] , since they offer the advantage of providing an exact description of a wide variety of trigonometric curves, such as, e.g., ellipses, lemniscates, cardioids, and others. In fact, we believe the extension of the PH property from parametric polynomial curves to parametric curves defined over a mixed algebraic-trigonometric space beneficial to augmenting the flexibility of the important class of PH curves in curve design. This new class of ATPH curves should therefore be seen as a beneficial addition to the existing polynomial PH curves in the same way as general AT curves complement general polynomial curves. In fact, this new subclass of AT curves inherits a closed form representation of their arc-length and a rational algebraic-trigonometric representation of the curve's offsets. In this article we show how ATPH curves can be conveniently used to solve different Hermite interpolation problems. For this purpose we revisit several important publications, such as [5, 6, 11, 12] , dealing with the solution of analogous problems by polynomial PH curves, in order to generalize them to our non-polynomial context. In particular, while [5] and [12] solve the C 1 Hermite interpolation problem by polynomial PH quintics and analyze the shape of the obtained solutions, [6] and [11] consider the problem of joining G 2 -continuously basic elements such as line segments and circles by polynomial PH quintics of monotone curvature, also referred to as PH spirals. As also done in [4] [5] [6] 12] for polynomial PH curves, to facilitate the solution of the above Hermite problems a complex representation of the novel class of ATPH curves is used, and a general constructive approach exploiting their key properties is proposed. The remainder of the article is organized as follows. In Section 2 we recall some known results on normalized B-bases of pure trigonometric and mixed algebraic-trigonometric spaces. Section 3 considers generalized Bézier curves defined over a six-dimensional algebraic-trigonometric space, shows their capability of reproducing well-known trigonometric curves and proposes a de Casteljau-like algorithm for their exact and stable evaluation. Section 4 is dedicated to the definition and construction of ATPH curves generalizing polynomial PH quintics. These curves have the property that the Euclidean norm of their hodograph is a trigonometric function, their arc-length is a mixed algebraic-trigonometric function and their unit tangent, unit normal as well as signed curvature are described by rational trigonometric functions. In Section 5 the class of ATPH curves is employed to solve the C 1 Hermite interpolation problem. The obtained four solutions are analyzed and the best one is identified. Section 6 deals with the construction of ATPH curves with monotone curvature, also called ATPH spirals, for joining G 2 -continuously a line segment and a circle as well as two external circles. In both cases the obtained solutions turn out to be more flexible than their polynomial PH counterparts, thanks to the additional shape parameter offered by the ATPH representation. Conclusions are drawn in Section 7. 
the normalized B-basis proposed in [17] for such a space. Note that, since 0 < α < π, then for any choice of α in that range the µ i are strictly positive values. Moreover, as pointed out in [17] , the basis functionsB 2m i , i = 0, ..., 2m possess the following properties:
The functionsB 2m i (t), i = 0, ..., 2m can be regarded as the true equivalent of the Bernstein polynomials inŨ 2m , and they tend to the ordinary Bernstein polynomials of degree 2m whenever α → 0. On the other hand, note that the parameter α, if progressively increased in its range of definition, offers an interesting tension-like effect (see Figure 1 (a)-(c) This limit case is illustrated in Figure 1(d) . 
Fig. 1 Basis functionsB
For later use we give the explicit expressions of the normalized B-bases for the spacesŨ 2 ,Ũ 4 andŨ 6 , hereinafter denoted by {B ··· ,6 , respectively:
Moreover, we also recall the de Casteljau-like algorithm presented in [15] for evaluating trigonometric Bézier curves over the spaceŨ 2 . Given a trigonometric Bézier curve
, its evaluation at an arbitrary parameter value t ∈ [0, α], 0 < α < π, is obtained by the following corner cutting algorithm
In Figure 2 we illustrate an application example of the de Casteljau-like algorithm to subdivide the trigonometric Bézier curve x(t) with α = π 2 at a given parameter t ∈ [0, α]. So far, we have focussed our attention on normalized B-bases of pure trigonometric spaces. We conclude this section by recalling some results from the articles [14] and [16] about normalized B-bases of algebraic-trigonometric spaces. In particular, in [14] a normalized B-basis of the mixed lineartrigonometric functional space 
and the abbreviations
the normalized B-basis of U 5 can be written using the explicit expressions
As in the previous case, the parameter α plays a tension-like effect which is illustrated in Figure  3 
In [14] it was also proven that the normalized B-basis {B [16] ).
3 AT-Bézier curves over the mixed algebraic-trigonometric space U 5 In the following we refer to the parametric curves defined over the mixed algebraic-trigonometric space U 5 as Algebraic-Trigonometric Bézier curves or AT-Bézier curves. From the results in [14] it is well known that, since the space U 5 has a normalized B-basis, then we can define parametric curves over U 5 through a control polygon in a similar way to our familiar polynomial Bézier case. More precisely, an AT-Bézier curve defined over the space U 5 can be described by the Bézier-like form (6) . These curves possess all the good properties of polynomial Bézier curves such as containment in the convex hull, affine invariance, variation diminishing, interpolation of end points and tangency to the control polygon at the end points [1] . Furthermore they depend on the parameter α which can be used as shape parameter. Figure 4 shows the ordinary degree 5 Bézier curve compared to AT-Bézier curves obtained for different values of α, starting from the same control polygon. As mentioned in the previous section, for α → 0 the quintic polynomial Bézier curve is recovered, and for α → 2π the straight line segment through p 0 and p 5 is obtained. Another interesting feature of AT-Bézier curves is their capability of reproducing arcs of arbitrary length (depending on the choice of α ∈ (0, 2π)) of planar trigonometric curves in U 5 , such as the ones displayed in Figure 5 . To the best of our knowledge a de Casteljau-like algorithm providing a stable and exact evaluation of AT-Bézier curves defined over the mixed algebraic-trigonometric space U 5 has never been proposed in the literature. In this section, we derive this kind of corner cutting algorithm, supported by the results in [13] . To this end, we start by observing that the basis functions {B 
where
with s 1 in (4) and n 0 , n 1 , n 2 the abbreviations in (5).
For all α in (0, 2π) the functions λ Thus, in view of (8), we can write
Then, we proceed by defining the vector
, 1] whose i-th entry is given by equation (1) with m = 4. Exploiting the results in [13] where a de Casteljau-like algorithm (also called B-algorithm) for trigonometric curves defined over the spaceŨ 4 is proposed, we complete the last 4 steps of the corner cutting algorithm for evaluating AT-Bézier curves in U 5 as follows:
j+1 ; end end (11) There follows that x(t) = p 5 0 for any arbitrary t ∈ [0, α]. In Figure 7 we illustrate the 5 steps of the de Casteljau-like algorithm given by (10)- (11) for the evaluation of AT-Bézier curves in U 5 . 
Algebraic-Trigonometric Pythagorean Hodograph (ATPH) curves and their properties
Exploiting the fact that if f ∈Ũ 2 then f 2 ∈Ũ 4 and ∫ f 2 ∈ U 5 , we now extend the well-known definition of polynomial Pythagorean-Hodograph (PH) curves [3] to the algebraic-trigonometric case, replacing the space of quadratic polynomials ⟨1, t, t 2 ⟩ by the spaceŨ 2 = ⟨1, sin(t), cos(t)⟩. Since f ∈Ũ 2 is defined for α ∈ (0, π), the construction of the new class of Pythagorean-Hodograph curves is restricted to t ∈ [0, α] with α ∈ (0, π).
Definition 1 Let u(t), v(t)
and ζ(t) be non-zero real functions in the spaceŨ 2 such that u(t) and v(t) are relatively prime (namely gcd(u(t), v(t)) = 1)
1 and both non-constant. Then, a planar parametric curve x(t) = (x(t), y(t)) whose first derivative is of the form
) and
is called Algebraic-Trigonometric PH curve or ATPH curve.
As in the case of polynomial PH curves [3, 5] , the curve's parametric speed is given by
and its unit tangent, unit normal and (signed) curvature are given respectively by
where, for conciseness, in (14) the parameter t is omitted. In the following we will restrict our attention to the regular case ζ(t) = 1. In this case the representation (12) may be obtained by squaring the complex function (12) is thus given by the real and imaginary part of w 2 (t). In the remainder of the paper we will exclusively use this complex notation, and we thus write
as also previously done for planar PH quintics [3, 5] . Since here w(t) is a complex function in the spacẽ U 2 we write
where w j ∈ C for j = 0, 1, 2. By integrating (15) we obtain a parametric curve in the mixed algebraictrigonometric space U 5 which can be expressed in the normalized B-basis (6), as formulated in the following proposition which results a generalization of [5, Proposition 1].
Proposition 1 A planar, parametric curve over the mixed algebraic-trigonometric space U 5 expressed in terms of the normalized B-basis (6) as
is
a (non-cuspidal) Algebraic-Trigonometric PH curve in the sense of Definition 1 if and only if its control points can be expressed in the form
where w 0 , w 1 , w 2 are complex values and s 1 , c 2 , n 0 , n 2 denote the abbreviations in (4)- (5) .
Proof We substitute the function (16) into (15) and by integrating we obtain
,
and k the integration constant. Expressing the basis functions of the functional space U 5 in terms of the normalized B-basis (6) and substituting these basis functions in (23) yields the expressions (18)- (22),
, and thus the arc-length of an ATPH curve is explicitly given by
with u i , i = 0, 1, 2 in (24). We continue by showing that, like polynomial PH curves, ATPH curves admit not only an exact representation of the arc-length, but also of their offset curves. In the following, the offset curve of the ATPH curve
The normal vector n has a rational ATPH representation over the spaceŨ 4 = ⟨1, sin(t), cos(t), sin(2t), cos(2t)⟩ since 
and
We thus obtain
i (t), we can define the offset curve x d (t) as a rational algebraic-trigonometric curve in terms of the normalized B-basis of the function space obtained from the multiplication ofŨ 4 and U 5 . Recall that beingŨ 2 = ⟨1, sin(t), cos(t)⟩,Ũ 4 = ⟨1, sin(t), cos(t), sin(2t), cos(2t)⟩ andŨ 8 = ⟨1, sin(t), cos(t), sin(2t), cos(2t), sin(3t), cos(3t), sin(4t), cos(4t)⟩, then the relationshipsŨ 2 * Ũ 2 =Ũ 4 andŨ 4 * Ũ 4 =Ũ 8 are satisfied, with * denoting the product between the two function spaces. Therefore, being U 5 = ⟨1, t, sin(t), cos(t), sin(2t), cos(2t)⟩ we havê
The offset curve x d (t) of the ATPH curve x(t) is thus a rational algebraic-trigonometric curve of the form 13 are the basis functions of the spaceÛ . This normalized B-basis ofÛ will be presented in a forthcoming article. Note that, while the PH quintic has a rational offset of order 10 (see [9] ), for the analogous ATPH curve the offset representation requires a basis of order 14.
C 1 Hermite interpolation problem
In this section we extend the solution to the following problem, as presented for polynomial PH curves in [5] , to the context of ATPH curves.
, defined over the space U 5 , we look for the two remaining inner control points p 2 and p 3 such that all six are expressible in the form given by equations (18)- (22) for some complex values w 0 ,w 1 ,w 2 . Since AT-Bézier curves built-upon the normalized B-basis
with s 1 in (4) and n 0 in (5), this problem can be obviously regarded as a C 1 Hermite interpolation problem to prescribed end points p 0 , p 5 and tangent vectors at these end points. Hereinafter the tangent vectors at p 0 , p 5 will be denoted by d 0 , d 2 , respectively, since (as we will see later) they are directly related to the values of w 0 ,w 2 .
ATPH interpolants solving the C 1 Hermite problem
In order to solve P roblem 1 we propose a variation of the method proposed in [5] to solve the Hermite interpolation problem by polynomial PH quintics.
Proposition 2 The solutions of the Hermite interpolation P roblem 1 in terms of the complex values
w 0 , w 1 , w 2 are given by
where 
By the change of variable
equation (29) becomes
(31)
From (31) we find
with
Finally, by substituting (32) in (30) the expression of w 1 in (28) is obtained. ⊓ ⊔ Remark 1 As in the polynomial case (see [5, Remark 3] ), in the expressions (28) we have three independent signs. Thus, we can construct eight ATPH interpolants. We remark that if we take (-w 0 , -w 1 , -w 2 ) or (w 0 , w 1 , w 2 ) the same interpolant is obtained. Moreover, we observe that in the expressions (18)- (22) we have homogeneous quadratic forms in the coefficients of w(t). As suggested in [5] , we can thus fix the sign in any one of the three expressions (28) and obtain only four distinct interpolants.
Remark 2 We further observe that the free parameter α acts as a shape parameter for the ATPH interpolants. This can be clearly seen in Figure 8 where different ATPH interpolants to the same end points and associated end derivatives (all corresponding to a positive choice of the signs of w 0 and w 2 ) are displayed together with the standard polynomial PH quintic solving the same C 1 Hermite problem. In this figure, as well as in many other figures of this section, we refer to color lines to distinguish among multiple plots. We thus invite the reader to refer to the electronic version of the paper to make the identification of individual plots easier. We also note that, in Figure 8 , for increasing values of α in (0, π) the curves become longer and longer. This seems to be in contradiction to the behaviour of the AT-Bézier curves which, for increasing values of α in their range of definition, become shorter and shorter. The reason for this fact simply lies in the dependency on α of the control points of the ATPH curve according to equations (18)-(22). Figure 9 shows the behaviour of all four possible families of ATPH curves interpolating the end points p 0 = 5i, p 5 = −3 − 4i and the end derivatives d 0 = d 2 = 25 − 15i, for different choices of α ∈ (0, π). We obtain the four families of ATPH interpolants from the sign choices ++, +−, −+, −− in the expressions of w 0 and w 2 . In the following we will always refer to the four families of ATPH interpolants by pointing out these sign combinations. We conclude by observing that the arc-length of the ATPH curve (corresponding to the evaluation of the function in (25) between 0 and α) has the expression
with γ ij in (26), and thus turns out to be monotonically increasing for increasing values of α, as clearly shown in Figure 10 . Note that Sα is always a continuous function, but depending on the geometry of the family of curves it might not be differentiable for certain values of α, as can be seen in Figure 10 (bottom left) for the ATPH family appearing in Figure 8(b) . Inspired by the observation of numerous examples all exhibiting the same qualitative behaviour as the ones in Figures 8-9 and supported by the fact that, for α ∈ (0, 2 3 π), the algebraic-trigonometric space U 5 is an extended Chebyshev space (see [16] ), hereinafter we will restrict the choice of α to the interval (0, π, 3 5 π, 2 3 π), with the (++) PH quintic interpolant (blue curve) solving the same C 1 Hermite interpolation problem.
How to identify the "best" ATPH Hermite interpolant
The rotation index R and the absolute rotation index R abs , respectively defined by
are the quantities whose minimization allows us to identify the "best" ATPH Hermite interpolant [5] .
and in view of (15) 
w(t)
) . The rotation and the absolute rotation indices can thus be rewritten in the equivalent form
w(t)w(t)
dt , R abs = 1 2π
Recalling that w(t) = u(t) + iv(t), we can also rewrite (34) in the real formulation as follows
dt.
Now, if we define z(t) := v(t) u(t) ∈ R, we can apply [5, Lemma 3] thus obtaining
where The examples in Figure 11 confirm how the "best" solution to the Hermite interpolation problem can be identified as the one with the smallest absolute rotation index (see Table 1 ). The purpose of Table 2 and Figure 12 π, 2 3 π, 5 6 π, exhibit undesired self-intersections, although the standard cubic interpolant does not. For the same data, the (++) ATPH interpolant, e.g. for α = π 5 , not only lacks self-intersections (see Fig. 13(a)-(b) ), but also has a more pleasant curvature behaviour than the standard cubic interpolant (see Fig. 13(c) ). We conclude by observing that, for certain Hermite data, the concept of the "best" interpolant as the interpolant with the smallest absolute rotation index is ambiguous. An example of this phenomenon is represented in Figure 12 (b) where we have two ATPH curves (the ones having signs (+−) and (−+)) with the same smallest absolute rotation index (see Table 3 ), none of them being optimal. In fact, the most similar to the standard cubic interpolant is still the one having signs (++). Table 1 ATPH absolute rotation indices for the examples in Figure 11 .
is the Cauchy index of z(t);
1.5504 1.8959 Table 2 Comparison of PH and ATPH absolute rotation indices for the examples in Figure 12 (a).
1.2266 1.2199 Table 3 Comparison of PH and ATPH absolute rotation indices for the examples in Figure 12 (b). (red curve), with the corresponding PH quintic interpolant (blue curve) and the unique cubic interpolant (green curve) to the given end points p 0 ,p 5 and associated end derivatives d 0 ,d 2 (here plotted with a scale factor of 1 5 to fit into the picture).
The criterion based on the absolute rotation index requires us to construct all four interpolants, and then compare a quantitative shape measure. In order to have the ability to construct directly the best interpolant only as the one being free of loops, we need to restrict our attention to cases with "reasonable" Hermite data. Adapting the reasoning in [12] to our non-polynomial context, in the remainder of this section we show that, given arbitrary end points p 0 and p 5 , we can define "reasonable" in (a) and 1 5 in (b)) obtained with the indicated value of α. The corresponding PH quintic interpolant and the unique cubic interpolant to the same data are drawn in blue and green, respectively. , is drawn in red. The corresponding PH quintic interpolant (a) and the ordinary cubic interpolant (b) to the same data are displayed in blue and green, respectively. In (c) the curvature behaviour of the ATPH interpolant (red) and the cubic interpolant (green).
Hermite data requiring the associated end derivatives, d 0 and d 2 , to vary in the open half-disk ) .
Proof Without loss of generality, we choose the end points p 0 = 0 and p 5 = 1. We then recall that, for a general ATPH interpolant x(t), the hodograph is given by (27), i.e.
If we consider the (++) ATPH interpolant from (28), due to the fact that
we have
where √ d i for i = 0, 2 denotes the principal value of the complex square root, i.e., with positive real part, and
To show that x ′ (t) is contained within Dα for all t ∈ [0, α] and α ∈ (0, , we apply the de Casteljau-like algorithm previously described in Section 2 for the evaluation of trigonometric Bézier curves over the spaceŨ 2 , to split w(t) in correspondence to the parameter t = α 2 . From equation (3) we get that the control points of the two subcurves w l (t), wr(t) joining at such location are To this purpose, we use the Minkowski geometric algebra of complex sets [7, 8] and a generalization of Minkowski sums and products by the concept of an implicitly-defined set A ⊙ f B = {f (a, b) : a ∈ A, b ∈ B}, corresponding to a given bivariate function f (a, b) [8] . From (36) and (37) we have that the Bézier coefficients m 01 and m 12 can be regarded as complex-valued functions of values w 0 , w 2 chosen from √ Dα, i.e. Therefore, the control points m 01 and m 12 lie in the region defined by
Although this implicitly-defined set does not allow a closed-form evaluation, as in the proof of [12, Proposition 2] we can evaluate it numerically, thus obtaining 
Construction of ATPH spirals
In this section we define ATPH spirals as Algebraic-Trigonometric Pythagorean Hodograph curves with monotone curvature, i.e., with no interior curvature extrema. Spiral segments are widely used in several practical applications such as, e.g., highway and railway design, or robot path planning. The control of the curvature behaviour is also desirable in many CAD and CAGD applications. While quintic PH curves with monotone curvature can be also obtained [6] , the advantage of an ATPH spiral lies in the fact that it allows for higher flexibility and better curvature variation. In the next sections we will describe a general construction of ATPH spirals to be used as G 2 transition elements either between a line and a circle that do not intersect or between a pair of external circles.
ATPH spiral for designing a G
2 transition between a line and a circle
be an ATPH curve with control points p i , i = 0, ..., 5 as in (18)- (22), where p 0 is a complex arbitrary integration constant and w j = u j + iv j = w j e iθj , j = 0, 1, 2. Given two vectors t 0 and tα, in the following we define an ATPH spiral x(t) such that
The resulting algorithm turns out to be a modification of the one proposed in [6] , based on polynomial PH quintics. Following the methodology used in [6] , without loss of generality we assume p 0 = 0. In this way x(0) = 0. Moreover, we set t 0 = 1 and tα = e iθ , with 0 < θ < π. Thus, being x ′ (t) = w 2 (t) with w(t) in (16) , from the second condition in (a) we get x ′ (0) = w iθ . From these two equations we immediately have
Now, recalling that the (signed) curvature of the ATPH curve has the expression
and . By requiring κ(0) = 0 (third condition in (a)) we thus get Im(w 1 ) = 0, i.e.,
On the other hand, for the endpoint t = α, being w ′ (α) = cot ( α 2 ) (w 2 −w 1 ), and substituting w 1 = w 1 , from (39) we obtain κ(α) = 2 cot
. We now proceed by imposing the condition κ ′ (α) = 0 (the last of (b)). Since
and w ′′ (α) = 1 1 − cos(α)
inserting the values of w j , j = 0, 1, 2, from (38), (40) the last equation provides
.
Now, introducing the notation
R , we can rewrite the expressions for the coefficients w j , j = 0, 1, 2 in terms of the parameter M as follows:
We now still have to satisfy the additional requirement κ ′ (t) > 0 for all t ∈ [0, α] (condition (c)). This will provide a lower bound on the admissible values of w 2 . Looking at the formula of κ ′ (t), it is evident that the problem reduces to study a sufficient condition on w 2 that guarantees
Let us start by observing that we can write
is the normalized B-basis in (2) and and rewrite the coefficients w j , j = 0, 1, 2 in terms of the parameter k as follows: 
we have Q(0) > 0 and Q(1) < 0, so that equation (43) has a unique root satisfying cos(θ) ∈ (0, 1).
and A(k, α) is monotonically increasing for k > k * (see Figure 16 ). In this way, for any value of α ∈ (0, π/2), we can make the upper bound on h as large as we want by taking k sufficiently large. Remember also that, if we denote by k the value such that A(k, α) = h R , we need to certainly choose k > max(k * , k) in order to satisfy (45). See Figure 17 for an illustrative example of this situation. For the sake of clarity, we conclude by summarizing the steps of the algorithm to draw an ATPH spiral to connect G 2 continuously a line L corresponding to the x-axis and a circle C of radius R > 0 and center (l, h) with h > R.
Algorithm
Input: l, h > 0, R ∈ (0, h), α ∈ (0, π/2). 
Choose
As an application example of the previously developed constructive strategy we consider the following choices: R = 2, l = 4 and h = 3. In Figure 18 we display the obtained ATPH spiral for α = R (see [6] ). In Figure 20 we plot the behaviour of κ ′ (t) for the ATPH spirals in Figure 18 and the quintic PH spiral in Figure 19 . As we can see, for an ATPH spiral (black), the maximum of the function κ ′ (t) is decreasing for increasing values of α, while for a PH spiral (blue) it is obviously a fixed value. As a consequence the parameter α can be suitably selected to control the curvature variation and ensure the most desired behaviour of the ATPH spiral. Furthermore, by evaluating the arc length of the ATPH spiral over the interval [0, α] from formula (33) with w 0 , w 1 , w 2 in (42), we can obtain the length of the ATPH spiral
, with s i , c i , i = 1, 2 from (4) and n 0 , n 2 from (5). Observe that, the parameter k can be selected such that the total arc length Sα assumes a specified value. This requires to solve a polynomial equation of degree 5. Although this is possible also in the polynomial case presented in [6] , if using an ATPH spiral, once the value of k has been fixed, we still have another free parameter α that can be used for other purposes. 6.2 S-shaped ATPH spiral for designing a G 2 transition between two circles
In this section we consider the problem of designing an S-shaped ATPH spiral to join two given circles Ω 0 , Ω 1 with centers C 0 , C 1 and radii r 0 , r 1 , such that at both points of contact G 2 continuity is ensured. We denote the distance between the centers of the two circles by π (black) and for the quintic PH spiral in Figure 19 (blue).
and we define r 1 = r0 µ 3 , where µ ≥ 1. Moreover, without loss of generality (after suitable translation, rotation and reflection), for the starting point of the ATPH curve we can assume p 0 = 0, as well as the curvature at the starting point being 1 (i.e. r 0 = 1), p 1 lying on the positive x-axis (Re(p 1 ) > 0), the larger circle having the center C 0 = i, and the end point p 5 lying above the x-axis (Im(p 5 ) > 0). We then denote by θ and 2nθ the angles from p 1 − p 0 to p 2 − p 1 and from p 1 − p 0 to p 5 − p 4 , respectively (see Figure 21 ). By construction, it turns out that θ and 2nθ may vary at most between 0 and Summarizing, our goal is to define an S-shaped ATPH spiral that satisfies all the following requirements:
By Kneser's theorem [10] , it follows that a single S-shaped segment cannot have monotone curvature both in case of tangent and intersecting circles, as well as when one is contained into the other. Thus, we can draw S-shaped ATPH transitions satisfying the above requirements, only under the condition r 0 + r 1 < r. As in the previous section, in order to determine the ATPH spiral solving the above problem, we need to work out its complex coefficients w j , j = 0, 1, 2. To this end we suitably modify the methodology presented in [11] for the construction of its polynomial counterpart. First of all, recalling that x ′ (t) = w 2 (t), from (ii) and (iii) we obtain respectively w 0 = w 0 ∈ R\{0} and
Thus, since h, n, µ, θ, α are free parameters, it turns out that there exists a whole family of ATPH curves x(t) satisfying the conditions (i)-(v). From (18)- (22) 2 − r 2 . Therefore, for any fixed value of r, h needs to be determined by solving the polynomial equation f (h) = 0. Following the reasoning in [11] we can show the existence of a positive solution of f (h) = 0, which guarantees the existence of the ATPH spiral. It is easy to see that, if we further assume µ ≥ 1. it is easy to see that this turns out to be negative for all α ∈ (0, π 2 ) and considering the following restrictions on the remaining free parameters: θ ∈ (0, π/4], n ∈ (0, 1/2), µ ∈ [1, 5] . As an application example of the proposed strategy for the construction of S-shaped ATPH spirals, we consider the following choice: r 0 = 1, µ = Figure 22(a) , from top to bottom, we display the quintic PH spiral in [11] and the ATPH spirals with α = 7 24 π and α = 5 12 π, obtained from the above data. Note that, although the quintic PH curve in Figure 22 (b) has monotone curvature, in general the S-shaped transition elements constructed in [11] do not guarantee the fulfillment of condition (vi). Moreover, from Figure 22 we can see that the additional free parameter α included in the ATPH approach can be used either to modify the location of the second point of contact of the spiral or to adjust the curvature profile and/or curvature variation of the spiral (see Figure 23 ).
Conclusions
In this article we have presented a trigonometric analogue of the Pythagorean Hodograph quintic, featured by the properties of possessing a closed-form representation of its arc-length and a rational algebraic-trigonometric representation of its offset curves. Slightly more cumbersome in its representation than its polynomial counterpart, it constitutes an interesting and powerful complement of the well-known polynomial PH quintics as shown at hand of the solution of several practical interpolation problems. After introducing a complex representation of the novel class of Algebraic-Trigonometric PH curves (called for short ATPH curves), ATPH curves that interpolate given end points and associated end derivatives have been constructed, as well as ATPH curves of monotone curvature joining π, 5 12 π (red). The control polygon for the S-shaped quintic PH spiral is displayed in (b) and that of the S-shaped ATPH spiral with α = π, the quintic PH spiral in [11] (blue) and the ATPH spiral with α = 7 24 π. G 2 -continuously basic elements such as line segments and circles. In both application contexts we have shown that the ATPH interpolants complement favorably their polynomial PH counterparts since, thanks to the shape parameter α, the user may choose the most appropriate interpolant out of a one-parameter family of solutions. In particular, concerning the C 1 Hermite interpolation problem, we have seen that, although there exist Hermite data such that all possible polynomial PH solutions manifest undesired self-intersections, ATPH interpolants constructed from the same information turn out to be free of loops if the free parameter α is suitably selected. Moreover, the free parameter α can be also conveniently exploited either to improve the curvature behaviour of ATPH spirals joining G 2 -continuously a line and a circle, or to adjust the location of the second point of contact of the spiral, as well as the curvature profile and/or variation in the case of S-shaped spirals joining G 2 -continuously a pair of external circles.
